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Interference	  Management	  Dichotomy	  	  

conven&onal	  approaches	   modern	  approaches	  
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when	  to	  use	  each	  scheme?	  



This	  talk	  …	  

When	  is	  “power	  control	  +	  treat-‐interference-‐as-‐noise”	  op&mal?	  
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Setting	  

T1	  

T2	  

TK	  

R1	  

R2	  

RK	  

hji =
p

P↵jie✓ji

•  K-‐user	  flat	  fading	  Gaussian	  interference	  channel	  

•  Received	  signal	  at	  receiver	  j:	  

•  Channel	  from	  Ti	  to	  Rj:	  

	  

	  
	  

channel	  strength	  (in	  dB,	  some	  base	  P>1)	  

↵11

↵21

Yj(t) =
KX

i=1

hjiXi(t) + Zj(t)

power	  constraint	  1	  
CN (0, 1)



Rate-‐Region	  of	  Treat-‐Interference-‐as-‐Noise	  (TIN)	  	  

•  Ti	  uses	  power	  of	  	  	  	  	  	  	  	  (for	  some	  ri	  ≤	  0)	  	  	  

•  Signal-‐to-‐interference-‐plus-‐noise	  raIo	  (SINR)	  at	  Ri	  

	  
	  
•  Rate	  region	  of	  TIN	  

	  

•  Generalized	  Degrees	  of	  Freedom	  (GDoF)	  region	  of	  TIN	  	  

	   DTIN = lim

P!1

RTIN

log P

P ri

SINRi =
P↵ii ⇥ P ri

1 +
P

j 6=i P↵ij ⇥ P rj

RTIN = [ri0{(R1, . . . , RK) : Ri = log(1 + SINRi)}

r1

r2

rK

T1#

T2#

TK#

R1#

R2#

RK#

↵11

↵21

Yj(t) =
KX

i=1

hjiXi(t) + Zj(t)



0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

1

TIN is GDoF optimal

ࢊ ࢻ

ࢻ ൌ ܗܔ ࡾࡺࡵ
ܗܔ ࡾࡺࡿ

What	  is	  known	  about	  the	  optimality	  of	  TIN?	  

T1	  

T2	  

R1	  

R2	  

TreaIng	  interference	  as	  noise	  
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TIN	  is	  even	  worse	  than	  TDMA	  



How	  about	  in	  general?	  
•  Not	  much	  is	  known	  about	  its	  opImality	  (except	  for	  some	  symmetric	  
and	  very	  low	  interference	  regimes)	  

•  TIN	  region	  is	  hard	  to	  analyze	  analyIcally	  
•  Includes	  a	  (hard)	  opImizaIon	  problem	  over	  ri’s	  (i.e.,	  power	  allocaIon,	  
e.g.	  Foschini-‐Milijanic	  1993,	  Tan-‐Chiang-‐Srikant	  2013)	  

•  Can	  be	  characterized	  through	  solving	  a	  sequence	  of	  GP’s	  (Mahdavi	  et	  al	  
2008)	  	  

•  Non-‐explicit	  and	  non-‐convex	  region	  in	  general	  

•  Very	  few	  general	  bounds	  on	  the	  capacity	  region	  of	  K-‐user	  IC	  

RTIN = [ri0{(R1, . . . , RK) : Ri = log(1 + SINRi)}
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	  	  	  Theorem:	  In	  a	  K-‐user	  interference	  channel,	  if	  

	  
Ø TIN	  achieves	  the	  capacity	  region	  within	  a	  constant	  gap	  of	  log2(3K)	  bits,	  
Ø TIN	  region	  is	  approximated	  by	  a	  polyhedron.	  

•  In	  words,	  the	  condiIon	  is	  

Main	  Result	  

T1#

T2#

TK#

R1#

R2#

RK#
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“at	  each	  user,	  the	  desired	  channel	  strength	  is	  at	  least	  the	  sum	  of	  the	  strengths	  of	  the	  	  
strongest	  interference	  from	  this	  user	  and	  the	  strongest	  interference	  to	  this	  user”	  

*C.	  Geng,	  N.	  Naderializadeh,	  A.	  S.	  AvesImehr,	  and	  S.	  A.	  Jafar	  “On	  the	  OpImality	  of	  TreaIng	  Interference	  as	  Noise”,	  submided	  to	  IT.	  

↵ii � max

j:j 6=i
↵ji + max

k:k 6=i
↵ik, 8i, j, k 2 {1, 2, . . . ,K}



	  	  	  Theorem:	  In	  a	  K-‐user	  interference	  channel,	  if	  

	  
Ø TIN	  achieves	  the	  capacity	  region	  within	  a	  constant	  gap	  of	  log2(3K)	  bits,	  
Ø TIN	  region	  is	  approximated	  by	  a	  polyhedron.	  

² 	  Capacity	  approximaIon	  in	  a	  specific	  regime	  
² 	  Underlying	  structure	  of	  the	  TIN	  rate-‐region	  
² 	  A	  general	  condiIon	  for	  when	  acquiring	  addiIonal	  CSI	  (e.g.,	  phase)	  
does	  not	  worth	  it	  

Some	  implications	  

“at	  each	  user,	  the	  desired	  channel	  strength	  is	  at	  least	  the	  sum	  of	  the	  strengths	  of	  the	  	  
strongest	  interference	  from	  this	  user	  and	  the	  strongest	  interference	  to	  this	  user”	  



	  	  	  Theorem:	  In	  a	  K-‐user	  interference	  channel,	  if	  

	  
Ø TIN	  achieves	  the	  capacity	  region	  within	  a	  constant	  gap	  of	  log2(3K)	  bits,	  
Ø TIN	  region	  is	  approximated	  by	  a	  polyhedron.	  

² 	  Explicit	  characterizaIon	  of	  the	  TIN	  rate-‐region.	  

² 	  Matching	  outerbounds.	  

Key	  Challenges	  

“at	  each	  user,	  the	  desired	  channel	  strength	  is	  at	  least	  the	  sum	  of	  the	  strengths	  of	  the	  	  
strongest	  interference	  from	  this	  user	  and	  the	  strongest	  interference	  to	  this	  user”	  



•  Rate	  of	  each	  user	  (for	  a	  given	  power	  allocaIon):	  

•  Polyhedral	  relaxaIon	  of	  TIN:	  
	  

Step	  1:	  polyhedral	  relaxation	  of	  TIN	  

[ri0

n
di↵ii+ri

di(↵ii+ri)�(↵ij+rj), j 6=i

a	  polyhedron	  with	  K	  faces	  	  
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⇡ Pmaxj 6=i(↵ij+rj)
+

di =

Ri

log P
⇡ ↵ii + ri �max

j 6=i
(↵ij + rj)

+



•  Polyhedral	  TIN:	  
	  
	  
Ø 	  It	  is	  the	  set	  of	  all	  (d1,…,dK)	  for	  which	  there	  exists	  (r1,…,rK)	  saIsfying	  

Ø 	  It	  is	  the	  set	  of	  all	  (d1,…,dK)	  for	  which	  there	  	  
exists	  a	  potenIal	  funcIon	  on	  	  

V1#

V2#

Vi#
Vj#

VK#
G#

G

Step	  2:	  Relation	  to	  Potential	  Functions	  

[ri0

n
di↵ii+ri

di(↵ii+ri)�(↵ij+rj), j 6=i

↵ii � ↵ij � di

0	  

r : V ! R, is a potential function on G = (V,E,w), if

r(j)� r(i)  w(i, j), 8i, j 2 V

↵ii � di

ri  0
�ri  ↵ii � di

rj � ri  ↵ii � ↵ij � di



•  Theorem	  [Hoffman]:	  There	  exists	  a	  potenIal	  funcIon	  for	  a	  directed	  
graph	  D	  if	  and	  only	  if	  all	  directed	  loops	  have	  non-‐negaIve	  weights.	  

•  Therefore,	  (d1,…,dK)	  is	  in	  polyhedral	  TIN	  if	  and	  only	  if	  
	  

Step	  3:	  Potential	  Theorem	  

Ø  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (G,Vi,G) : ↵ii � di � 0) di  ↵ii

Ø  	  	  (Vi0 ,Vi1 , . . . ,Vim = Vi0) :

m�1X

`=0

di` 
m�1X

`=0

(↵i`i` � ↵i`i`+1)

V1#

V2#

Vi#
Vj#

VK#
G#

G
↵ii � ↵ij � di

0"

↵ii � di



Recap	  
•  Polyhedral	  TIN:	  
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Figure 2: (a) A 3-user interference channel, where the value on each link is equal to its channel strength
level, and (b) The GDoF region of this network, which is a convex polyhedron and can be achieved by TIN.

which is depicted in Fig. 2(b). Recall that the condition (9) is satisfied in the network of Fig. 2(a)
for all users i 2 {1, 2, 3}. Therefore, Theorem 1 implies that TIN achieves the entire GDoF region
of this network.

We prove Theorem 1 through the following steps. We first show that under the condition
stated in (9), the achievable GDoF region of TIN simplifies into a polyhedral region. We study the
polyhedral TIN region in some detail to understand its structure. In particular, we show that the
polyhedral TIN region can be characterized by checking the existence of a potential function for
an induced fully-connected directed graph, with nodes representing the source-destination pairs in
the original interference channel (with the addition of a “ground” node) and a specific assignment
of lengths to the arcs of the graph. Afterwards, we derive a dual characterization of the polyhedral
TIN region and use the outer bounds developed in [9] to prove the optimality of polyhedral TIN,
hence TIN, whenever condition (9) holds.

3.1 Polyhedral Relaxation of TIN

In the first step toward proving Theorem 1, we introduce a polyhedral version of the TIN scheme.
Ignoring the first max{0, ...} term in (8) changes the scheme to a relaxed version, which we call the
polyhedral TIN scheme. With this modification, the GDoF achieved by user i will be

di = ↵ii + ri �max{0,max
j:j 6=i

(↵ij + rj)}, (12)

and we denote the achievable GDoF region via polyhedral TIN by P.
In general, comparing (8) and (12) shows that this modification can only shrink the achievable

GDoF region of TIN. However, as we will show in the following, under the condition (9), the above
relaxation incurs no loss in the GDoF region of TIN. In other words, when the condition (9) is
satisfied, the TIN region P⇤ is equal to the polyhedral TIN region P. From (12), the polyhedral TIN
region P can be characterized by a number of linear inequalities, which, as we will see, significantly
contributes to understanding the TIN region P⇤. In fact, P is the set of all K-tuples (d

1

, ..., dK)

6

ri’s	  are	  gone	  
J	  (potenIal	  thm)	  

(d1, . . . , dK) s.t.
⇢

0di↵ii

Pm�1
`=0 di`


Pm�1

`=0 (↵i`i`
�↵i`i`+1 )



Step	  4:	  Matching	  Outerbounds	  
•  Lemma:	  Consider	  a	  K	  user	  interference	  channel,	  such	  that	  	  

then	  any	  (d1,…,dK)	  in	  the	  GDoF	  region	  saIsfies	  
	  

0di↵ii

Pm�1
`=0 di`


Pm�1

`=0 (↵i`i`
�↵i`i`+1 )

T1#
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	  	  	  Theorem:	  In	  a	  K-‐user	  interference	  channel,	  if	  

	  
Ø TIN	  achieves	  the	  capacity	  region	  within	  a	  constant	  gap	  of	  log2(3K)	  bits,	  
Ø TIN	  region	  is	  approximated	  by	  a	  polyhedron.	  

Main	  Result	  

“at	  each	  user,	  the	  desired	  channel	  strength	  is	  at	  least	  the	  sum	  of	  the	  strengths	  of	  the	  	  
strongest	  interference	  from	  this	  user	  and	  the	  strongest	  interference	  to	  this	  user”	  

*C.	  Geng,	  N.	  Naderializadeh,	  A.	  S.	  AvesImehr,	  and	  S.	  A.	  Jafar	  “On	  the	  OpImality	  of	  TreaIng	  Interference	  as	  Noise”,	  submided	  to	  IT.	  
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•  Theorem:	  In	  a	  K-‐user	  interference	  channel,	  the	  rate	  region	  
achievable	  by	  TIN	  is	  within	  log2(3K)	  bits	  of	  

	  	  	  where	  PS	  is	  the	  polyhedral	  TIN	  region	  when	  the	  users	  in	  S	  are	  silent.	  

Rate-‐Region	  of	  TIN	  in	  General	  
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Figure 5: A 3-user cyclic channel, where the strength levels for each link is shown in the figure.

Then, consider the cases in which only one of the three users is made silent and hence has GDoF
zero, and the other two users are active. In such cases, we only need to consider the Z-channel
between the remaining two users, implying that
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.

It is easy to verify that
P{1} ✓ P;, P{2} ✓ P;,

but
P{3} 6✓ P;.

For instance, the GDoF tuple (1, 0.9, 0) 2 P{3} is not in the GDoF region P; since it violates
the cycle bound d

1

+ d

2

+ d

3

 1.4.
Next, consider the cases in which two users are made silent.
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,

and it can be verified that

P{2,3} ✓ P;, P{1,3} ✓ P;, P{1,2} ✓ P;.

Finally, we have

P{1,2,3} =
�

(d
1

, d

2

, d

3

) : d

1

= d

2

= d

3

= 0
 

✓ P;.

Therefore, the TIN region is equal to

P⇤ = P; [ P{1} [ P{2} [ P{3} [ P{1,2} [ P{2,3} [ P{1,3} [ P{1,2,3} = P; [ P{3}. (48)

15

Figure 6: The TIN region of the network in Figure 5, which is the union of the yellow region (P;) and the
blue region (P{3}).

This region is illustrated in Fig. 6, where the yellow region corresponds to P; and the blue
region corresponds to P{3}. Note that since for user 3, the su�cient condition (9) is violated,
the polyhedral TIN region P = P; is not the whole GDoF region for this 3-user cyclic channel.
Moreover, as Fig. 6 shows, the region P⇤ is not convex. Therefore, time-sharing between P; and
P{3} can help enlarge the achievable GDoF region via TIN.

6 Numerical Analysis

In this section, we numerically compute the probability that the su�cient condition (9) is satisfied
in a typical wireless scenario. We consider a circular cell with a radius of 1 km and place K base
stations (transmitters) randomly and uniformly over the cell area. Each base station is assumed to
have a coverage radius of r. In order to create a K-user interference channel with strong enough
direct links, we consider K mobile receivers such that the i-th mobile receiver is located randomly
and uniformly inside the coverage area of the i-th base station, i 2 {1, 2, ...,K}. A realization of
such a network scenario is depicted in Fig. 7(a).

For the channel gain values, we make use of the Erceg model [12], operating at a frequency
of 2GHz and using the terrain category of hilly/light tree density. Taking the noise floor as -110
dBm, we choose the transmit power of all the base stations such that the expected value of the
SNR at the boundary of their coverage area is 0 dB. Then, we randomly locate the base stations
and mobile receivers according to the coverage radius r. Fig. 7(b) demonstrates the result of our
numerical analysis.

As illustrated in this plot, the probability that the su�cient condition (9) for the GDoF-
optimality of TIN is satisfied decreases as the density of the network increases, either by increasing
the number of users or by increasing the coverage radius of each base station. However, as a typical
scenario, it is noteworthy that for the case of a 10-user interference channel with the coverage radius
of 100m for each base station, the su�cient condition (9) is satisfied half the times. This means
that with a probability of 50%, TIN is GDoF-optimal and can also achieve the whole capacity
region of the network to within a constant gap. It therefore implies that the su�cient condition

16



Necessary	  and	  SufQicient	  Conditions	  
•  Is	  the	  condiIon	  both	  necessary	  and	  sufficient	  for	  opImality	  of	  TIN	  
(to	  within	  a	  constant	  gap)?	  

•  For	  the	  2-‐user	  case	  it	  is!	  
•  For	  K>2,	  there	  are	  other	  cases	  in	  which	  TIN	  is	  constant-‐gap	  opImal,	  e.g.	  
	  
	  

Ø  CondiIon	  is	  violated	  at	  user	  1	  and	  3,	  but	  TIN	  is	  sIll	  
constant-‐gap	  opImal.	  
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Figure 8: A 3-user network where (9) is not satisfied, but TIN is still optimal. The value on each link
represents its channel strength level. All channel phases are assumed to be zero.

Moreover, Theorem 2 implies that the above region is in fact the polyhedral TIN region, hence
showing that TIN is optimal in the network of Fig. 8, despite the fact that (9) does not hold in
this network. Perturbing the channel strength levels from the values in Fig. 8, or even changing
the phase values if they are available to the transmitters, will invalidate the converse. We suspect
that again outside a set of measure zero, condition (9) is necessary for TIN to be GDoF-optimal.
However, the necessity of this condition for the networks comprising more than 2 users remains
open.

Another interesting direction following this work could be to extend the TIN scheme to include
Gaussian superposition coding at the transmitters and successive interference cancellation at the
receivers. In particular, it would be valuable to determine, with this additional flexibility, how
much gain one can obtain beyond TIN for general channel strength levels in a K-user interference
channel. For the case of 2-user interference channels, this problem is studied in [13], and the
regimes under which such schemes outperform TIN are identified. Also, for the case of K-user
linear deterministic interference channels, the achievable rates of such schemes are characterized
as the convex hull of the feasible rates supported by the independent sets of an extended conflict
graph [14]. However, general conditions for the optimality of superposition coding and successive
interference cancellation are still unknown.

Appendix: Proof of Theorem 5

We prove the theorem in two steps.

• Step 1:
S

S✓{1,...,K} PS ✓ P⇤. It su�ces to show that for all S ⇢ {1, ...,K}, PS ✓ P⇤; i.e.,
the region PS can be achieved through TIN. Note that if S = ;, then PS = P; = P ✓ P⇤.

Now, if S 6= ;, then to make the users in S silent, we set ri = �1, 8i 2 S. This forces
di = 0, 8i 2 S. Then, for the remaining users, i.e., the users in Sc, we use polyhedral TIN.
Therefore, the polyhedral TIN region where all the users in S are removed from the network,
can be achieved. This region is in fact PS , and hence, PS ✓ P⇤.

• Step 2: P⇤ ✓
S

S✓{1,...,K} PS . To prove this, we first define the sets P̃S as PS restricted to
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all-‐phases	  zero	  

Ø  However,	  once	  the	  phases	  are	  perturbed,	  TIN	  isn’t	  
constant-‐gap	  opImal	  anymore	  	  

↵ii � max

j:j 6=i
↵ji + max

k:k 6=i
↵ik, 8i, j, k 2 {1, 2, . . . ,K}

Conjecture:!In!a!K%user!interference!channel,!TIN!is!constant%gap!
op6mal!if!and!only!if!!

!
except!for!a!set!of!measure%zero!gains.!
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Fig. 2. Interval representation of the two-user deterministic interference
channel.

The interpretation of (6) and (7) are as follows: for any
two levels each from one of the two users, if they interfere
with each other at any of the two receivers, they cannot be
simultaneously active. For example, in Fig. 1, information
levels A from the 1st user and B from the 2nd user interfere
at the 1st receiver, and hence cannot be fully active simul-
taneously. These complementarity conditions have also been
characterized using a conflict graph model in [8].
Remark 1: Given any fi(x), x ∈ Ii, every disjoint segment

within Ii with fi(x) = 1 on it corresponds to a distinct
message. Adjacent segments that can be so combined as a
super-segment having fi(x) = 1 on it, are viewed as one
segment, i.e., the combined super-segment.
Finally, we note that

(6)⇔ f2(x)f1(x− δ1) = 0, ∀ −∞ < x < ∞,

and (7)⇔ f1(x)f2(x− δ2) = 0, ∀ −∞ < x < ∞.

Thus, we have the following result:
Lemma 1:

{

δ1 = a
δ2 = b

and
{

δ1 = −b
δ2 = −a

correspond to the
same set of complementarity conditions.
We consider the problem of maximizing the sum-rate of the

two users employing successive decoding, formulated as the
following infinite dimensional optimization problem:

max
f1(x),f2(x)

∫ n11

0
f1(x) + f2(x)dx (8)

subject to (5), (6), (7).

B. Symmetric Interference Channels
In this section, we consider the case where n11 =

n22, n12 = n21. Define α ! n12
n11

,β ! 1 − α = δ1 = δ2.
WLOG, we normalize the amount of information levels by
n11, and consider n11 = n22 = 1, and n12 = n21 = α.
From Lemma 1, it is sufficient to only consider the case with

β ≥ 0, i.e. α ≤ 1.We next derive the constrained sum-capacity
using successive decoding for α ∈ [0, 1], first without upper
bounds on the number of messages, then with upper bounds.
As the constrained sum-capacity is achievable with R1 = R2,
we also use the maximum achievable symmetric rate, denoted
by R(α) as a function of α, as an equivalent performance
measure. R(α) is thus one half of the optimal value of (8).
1) Symmetric Capacity without Constraint on the Number

of Messages:
Theorem 1: The maximum achievable symmetric rate us-

ing successive decoding, (i.e., having constraints (6), (7)),
R(α) (α ∈ [0, 1]), is characterized by
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Fig. 3. The symmetric capacity with successive decoding in symmetric
deterministic interference channels.

• R(α) = 1− α
2 , when α = 2n

2n+1 , n = 0, 1, 2, . . ..
• R(α) = 1

2 , when α = 2n−1
2n , n = 1, 2, 3, . . ..

• In every interval [ 2n
2n+1 ,

2n+1
2n+2 ], n = 0, 1, 2, . . ., R(α) is a

decreasing linear function.
• In every interval [ 2n−1

2n , 2n
2n+1 ], n = 1, 2, 3, . . ., R(α) is

an increasing linear function.
• R(1) = 1

2 .
R(α) is plotted in Fig. 3, compared with the information theo-
retic capacity [3]. We divide the interval [0, 1] into consecutive
segments s1, s2, . . . such that |s1| = |s2| = . . . = β, with
the last segment ending at 1 having the length of the proper
residual (cf. Fig. 4). Define

G1 !
⋃

i=1,2,...

s2i−1 and G2 !
⋃

i=1,2,...

s2i. (9)

We then have the following optimal scheme that achieves the
constrained symmetric-capacity R(α):
Corollary 1: When α ∈ (0, 1), the constrained symmetric

capacity is achievable with

f1(x) = f2(x) =

{

1, ∀x ∈ G1

0, ∀x ∈ G2
. (10)

In the special cases when α = 2n−1
2n , (n = 1, 2, . . . , )

and α = 1, the constrained symmetric-capacity drops to 1
2 ,

achievable by simply time sharing
{

f1(x) = 1, x ∈ [0, 1]
f2(x) = 0, x ∈ [0, 1]

and
{

f1(x) = 0, x ∈ [0, 1]
f2(x) = 1, x ∈ [0, 1]

.
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Fig. 4. The optimal scheme in the symmetric deterministic interference
channel.
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Ø 	  Rate	  region	  can	  be	  increased,	  using	  
Ø 	  SuperposiIon	  coding	  

Ø 	  Successive	  interference	  cancellaIon	  

Ø 	  Treat-‐interference-‐as-‐noise	  

Ø 	  When	  would	  that	  be	  opImal?	  

Successive	  Interference	  Cancellation	  

*Y.	  Zhao,	  C.	  Tan†,	  S.	  AvesImehr‡,	  S.	  Diggavi	  and	  G.	  Pope	  “On	  the	  Sum-‐Capacity	  with	  Successive	  Decoding	  in	  Interference	  Channels”,	  
IT	  2012..	  



Ø 	  Established	  general	  condiIons	  for	  (approximate)	  opImality	  of	  power	  
control	  +	  treat-‐interference-‐as-‐noise	  

Ø A	  general	  condiIon	  for	  when	  acquiring	  addiIonal	  CSI	  does	  not	  worth	  it	  

Ø Underlying	  structure	  of	  the	  TIN	  rate-‐region	  	  

Ø Network-‐level	  analysis	  of	  the	  capacity	  gains?	  

Ø 	  How	  much	  can	  one	  go	  beyond	  TIN	  when	  CSI	  is	  only	  the	  channel	  gain,	  
or	  channel-‐gain	  +	  some	  local	  phase?	  	  

	  

Concluding	  remarks	  



Questions?	  


